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Let .Q be a finite set with k elements and for each integer n > 1 let Sa, = 
f2xs2x ... x P (n-tuple) and o,, = {(ai, aa ,..., a,) 1 (a,, as ,..., a,) E Q,, 
and a, # a,+i for some 1 Q j Q n - 1). Let {Y,,,} be a sequence of independent 
and identically distributed random variables such that P(Yl = a) = k-’ for 
all u in Jz. In this paper, we obtain some very surprising and interesting results 
about the fn-st occurrence of elements in B, and in On with respect to the 
stochastic process {Y,,,}. The results here provide us with a better and deeper 
understanding of the fair coin-tossing (k-sided) process. 
Let Q be a finite set with K elements and for each integer n 3 1 let Sz, = 
Q x a x *** x Q (n-tuple) and& = ((a1 , a2 ,..., a,) 1 (a1 , a, ,..., a,) E fz, and 
az # ai+i for some 1 < i < n - 11. Let {Y,} be a sequence of independent and 
identically distributed random variables such that P(Yr = Q) = l/K for all a in 
Q. For each element A in Q, let TA be the stopping time (with respect to the 
stochastic process (Ym)) defined by 
T,(Y, , Yz ,...) = inf{m I A = ( Ym-,+l ,..., Y,)}, 
=CO if no such m exists. 
For each pair A and B of elements in Sz, we say that A is dominated by B if 
WB < TJ > 4. 
In [2], Gardner claimed that without proof if k = 2 and n > 3, then for 
each element A in 52, there is an element B in Q,, such that A is dominated by B. 
He also presented an algorithm, which was discovered by J. H. Conway, to 
compute “P(TB < TJ” for each pair A and B of elements in Q,, when k = 2 
and 71 3 1. In a letter to Gardner, J. G. Wendel gave a derivation of the Conway 
Algorithm by using the idea of the taboo first passage probability. In this paper, 
we first give a very simple derivation (Theorem 1) of the Conway Algorithm 
for the case that k > 2 and n > 1 by an application of the well-known renewal 
theorem. Then we obtain some very surprising and interesting results, which 
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contain the result claimed by Gardner as a special case (see Theorem 3), about 
the first occurrence of each pair A and B of elements in Q, . The results here 
provide us with a better and deeper understanding of the fair coin-tossing 
(k-sided) process. We start with the following notations, definitions, and 
lemmas. 
Let S2 = {q , a2 ,...> be a countable set (finite or infinite), Y be a random 
variable such that P( Y = a) > 0 for all a in IR, and {Y,} be a sequence of 
independent and identically distributed random variables which have the same 
distribution as Y. For each integer n > 1, let 1;2, = $2 x Q x a** x J2 (n-tuple) 
and IR* = u;S1 Sz, . For each element A = ((II , a2 ,..., a,) in sZ*, let TA be 
the stopping time (w.r.t. the process {Yj}) defined by T,(Y, , Y, ,...) = 
inf{j 1 A = (Yjm+l ,..., Y,)}, = cc if no such j exists. For each pair A = 
(a,, a2 Pm**, a,) and B = (b, , b, ,..., b,) in P, let TBA be the stopping time 
(w.r.t. the process {Yj}) defined by TBA( Yr , Y, ,...) = 0 if B is a subsequence of 
consecutive terms in A, = inf{j 1 B is a subsequence of consecutive terms in 
a,, Yl , Y2 ,..., Y,)}, = co if no such j exists. For each A = 
cl = 1 and 
1 
ej = I if (a, ,..., u,) = (a, ,..., urn,,), i = 2, 3,..., m, 0 otherwise, 
and let A o A = {cl + Et, ~~[n~,,+~+~ P(Y = uJ]}/{~i”pl P( Y = q)}. For each 
pair A = (a, , a, ,..., a,) and B = (b, , b, ,..., b,) let 
A o B = (q ,..., a,) o (bl P*-*P bm-i+l) 
if (at ,..., 4 = (bl ,..., 6m-i+l) and (uj ,..., a,) # (4 , . . . . b,-~+,) for all j -C i, 
here m - i + 1 < n. 
From now on, IR*, Y, and {Yj} are defined as above. 
LEMMA 1. For any element A in O*, 
E( TA) = A o A. (1) 
Proof. We defined the recurrent event E as follows: A sequence of n elements 
from 8 contains as many A’s as there are twnoverlapping uninterrupted blocks 
each containing exactly an “A”. We say that the recurrent event E occurs at 
the kth observation Y, for all positive integers k if a new “A” is added to the 
sequence ( Y1 , Y2 ,..., Y&. 
Now let us = 1 and ulc be the probability that the recurrent event E occurs 
at the kth observation Yk for all positive integers k. It is easy to see that, for each 
positive integer k > m, 
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if A = (aI , a2 ,..., a,). By the Renewal Theorem (see [l, p. 330]), we have 




El + f Ej fi 
j=z i=m-j+2 
P(Y = UJ /E(T,). 
i 
Therefore E(T,) = A 0 A. 
LEMMA 2. For each pair A and B in fin*, 
E(T#) = B 0 B - A o B. (2) 
Proof. Without loss of generality, we can and do assume that 1 < m < n, 
A = (b, , b, ,.,,, b,), and B = (b, , b, ,..., b,). Now it is easy to see that Ts-4 = 
T, - T, . Since A = (b, , b, ,..., b,) and 1 < m < n, by the definition of 
AoB,AoB=AoA.HenceE(T,A)=E(T,)--E(T,)=BoB-AoA= 
BOB-AoB. 
LEMMA 3. Let A and B be two elements in Q* and N(A, B) = min{T, , T,}, 
then 
E(T,) = WW, B)) + P-V, > Td E( TAB). (3) 
We) = W(A, B)) + PIT, > TJ E(T/). (4) 
Proof. E(T,) = E{N(A, B)) + E{T, - N(A, B)} = P{T, < TB}E{Ta - 
WA, 4 I TA -=c TB) + W, < T,tl -W, - NV, B) I Ti, < TA} + E{N(A, B)}. 
Notice that on the set [TA < TB], TA = N(A, B) and on the set [TB < TA], 
TA - N(A, B) = TAB. Th ere f  ore E(T,) = E{N(A, B)} + P{T, > TB) E(T,,B). 
Similarly E(T,) = E{N(A, B)} + P{T, > TA} E(T/). 
THEOREM 1. Let A and B be two elements in Q*, then 
P(T, < T,}(B o B - B o A) = P{T, < T,j(A o A - A o B). (5) 
Proof. By Lemmas 1, 2, and 3. 
Remark 1. Lemma 3 and Theorem 1 can be extended to three or more 
assigned sequences. 
Remark 2. The Conway Algorithm is a special case of Theorem 1 that when 
Sz = (0, 1) and P(Y = 0) = P( Y = 1) = 4. 
Remark 3. For each A and B in a* such that they are not subsequences (of 
consecutive terms) of each other, AoA-AaB and AoA-BOA are 
positive and finite. 
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From now on, we assume that K is a fixed integer 32, Sz = {I, 2,..., k}, Y is a 
random variable such that P(Y = j) = l/k for all j = 1,2,..., k, Qm = 
x2 xl.2 x ... x Q (n-tuple), and { Yj} is a sequence of independent and identically 
distributed random variables which have the same distribution as Y. It is easy 
to see that A 0 A = qkn + •~k”-l + ... + l ,k for each A in Qm . 
LEMMA 4. If k > 2, n > 2, and A = (a, a ,..., a) is an element in L?, , then 
P{T, < TA) > Q for all B in L$, such that B # (b, b ,..., b) and B # (a, a ,..., a, b) 
for some b in Sz (the length of A is n (jixed) and b is any element in Q). 
Proof. Since B # (a, a ,..., a, b) and B # (b, b ,..., 6) for some b in Q, 
B o B < kn + Cyirz kj and A o B < CyL1’ kj. Hence 
(A 0 A - A 0 B) - (B 0 B - B 0 A) >, (kn + k”-l) - (k” + z; kj) 
n-2 
= k-1 - c ki > 0 
j=l 
since A = (a, a,..., a), n > 2, and k > 2. By Theorem 1, P{ TB < TA} > 4 for 
all B in J?% such that B # (a, a ,..., a, b) and B # (b, b ,..., b) for some b in Sz. 
Remark 4. If k > 2, n > 2, and A = (a, a ,..., a) is an element in 8, then 
P{T, < TB} = 4 for all B in Q, such that B = (b, 6 ,..., b) or B = (a, a ,..., a, b) 
for some b in 52 (b # a). 
THEOREM 2. If k > 2, n 3 2, and A = (a, a ,..., a) is an element in L& then 
P{T, < T,,) 3 i for all B in Q,, and B # A. 
LEMMA 5. For each integer n > 3 and each element A = (al , a2 ,..., a,) in Q, 
such that a, = a2 = ... = a, # ai+l for some positive integer 1 < j < n - 2, then 
P{ TB < TA} > +, where B = (al , a1 , a2 , . . . , a,-,) is an element in 52, . 
Proof. By Theorem 1, it suffices to show that A o A - A o B > B 0 B - 
B o A since P{ Ts < TA} > k-n > 0. By a direct computation, we have A 0 A - 
A o B > k” - kn-j-1 and B o B - B o A < km - kn-l + kn--i--l. Hence 
(A o A - A o B) - (B o B - B o A) > kn-1 - kn-i-1 - kn-j-2 > 0 since 
1 <j<n-2,n>3,andk>2. 
LEMMA 6. For each integer n > 3 and each element A = (a, , a2 ,..., a,) in 
Q, such that a, = a2 = *.. = ajfor some integer2 <j < n, then P(T, < TA} > 4, 
where B = (b, a, , a2 ,..., a,-,) is in Q, and b is an element in D - {al}. 
Proof. As in the proof of Lemma 5, it suffices to show that A 0 A - A 0 B > 
B o B - B 0 A. By a direct computation, we have A o A - A 0 B 3 kn - kn-j 
and B o B - B o A < kn - k*-1 + kn-j-1 since A = (a, , a2 ,..., a,,), B = 
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(ha,, a2 ,..., a,-,), a, = a2 = .‘. = a, for some integer 2 < j < n, and b # a,. 
Hence (A o A - A o B) - (B o B - B o A) 2 kn-1 - k”-j - kn-j-1 > 0 since 
2<j<n,n>,3,andk>2. 
THEOREM 3. For each element A in Sz, , there is an element B in L$, such that 
P(T,<T,)>$ifn>,3andk>2orn=2andk>3. 
Proof. In the case that n > 3 and k >, 2, Theorem 3 follows immediately 
from Lemmas 5 and 6. Now let us consider the case where n = 2 and k 3 3. 
In this case if A = (aI , a2), then P{T, < TA) > + if B = (b, a,), where b is 
an element in Sz - {a r , a2> (this is possible since k > 3). To see it, we just 
computeAoA,AoB,BoA,andBoB.Sinceb#a,andb #a,,AoB=O, 
BoB=k2,andBoA=k.ThereforeAoA-AoB>k2>BoB-BBAA 
k2 - k > 0. By Theorem 1, PIT, < TA} > 4. 
LEMMA 7. For each integer n 2 4 and each element A = (al , a2 ,..., a,,) in 52, 
such that a, # a, # a3 , then P{T, < TA}} < 4, where B = (a, ,..., a, , b) is an 
element in !S, and b is an element in Q - {a,-,}. 
Proof. As in the proof of Lemma 5, it suffices to show that A 0 A - A o B < 
B 0 B - B o A. By a direct computation, we have A o A - A o B < 
kn - kn-l + k and B 0 B - B 0 A 2 k” - k since a, # a2 # a3 , A = 
a, , b), and b # a,-, . Hence (A 0 A - A o B) - 
[z d 2 -*~$4~~2:“-5-1 < 0 since n > 4 and k > 2. 
THEOREM 4. For each element A in D,, , there is an element B in Q, such that 
P{T,<T,}<+ifn>,4andk>,2orn=3andk>3. 
Proof. (I) The case that n >, 4 and k > 2. Let A = (a, , a2 ,..., a,,). 
(a) If a, = a2 , we let B = (a, , a3 ,..., a, , b), where b is an element in 
Q - {a2}. Since A is in Dn and a, = a2 , a2 = ... = aj # q+r for some integer 
2 < j < n - 1. Hence B is also in& and by Lemma 5, we get P{T, < T,} > Q 
and P{T, < TA} = 1 - P(T, < TB} -C 3. 
(b) If a, # a2 = a3 , let B = (a, , a3 ,..., a, , al). Then B is in an and 
by Lemma 6, we get P{T, < Ts) > + and P{T, < TA} = 1 - P{ TA < Te} < Q. 
(c) If a, # a2 # a, , we let B = (a, , a3 ,..., a,, , b), where b is an element 
in IR - {a,,}. Then B is in && and by Lemma 7, P{T, < TA) < +. 
(II) The case that n = 3 and k 2 3. Let A = (ur , a2 , as) be an element 
in& 
(a) If a, = a2 # a, , then P{T, < TA) < 4 for all elements B = 
(a, , a, , a) in Ga , where a is an element in Q. 
(b) If a, # a2 = a,, then P{T, < TA} < + for all elements B = 
(a2 , a3 , b) in liz, , where b is an element in Q - (a2}. 
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(c) If a, # ua # us , then P{Ts < TA} < & for all elements B = 
(a,, us , 4 in Q , where c is an element in Sz - {a,, us} (this is possible since 
k >, 3). 
Remark 5. The conditions for Theorem 4 are different from that for Theorem 
3. Theorem 4 is false if we replace an by Sz, or replace “n > 4 and k > 2 
(n = 3andk 2 3)“by“n > 3andk > 2(n = 2andk > 3)“. 
For each pair A and B in Sz, , we write A < B if P{T, < TA} > &. Then this 
ordering is nontransitive. The following theorem is very interesting and justifies 
this statement. 
THEOREM 5. For each integer n > 4, each pair A = (a, , u2 , . . . . a,) and 
B = (b, , b, , . . . . b,) in an , there exists u finite sequence {Cl , C, ,... , C,} in I(;F, 
such that B > C, > C, > -a- > C, > A. 
Proof. If a, # ua then A’ > A, where A’ = (a,, a,, u2 ,..., u,J. Hence, 
without loss of generality, we can and do assume that a, = a2 . 
(I) The case that b, = a,. In this case let C, = (ai, ur , ua ,..., a,-,), 
c, = (al, 4, a,, a2 ,***, an-21, c2+* = (Li+1,**-, &I, a1 > al, a, ,***, %-i-2) 
for all j = 1, 2 ,..., n - 2, and C,, = (b, ,..., b, , Q, where ir, is an element in 
Q - {al). By Lemmas 5 and 6, A < Cl < C, < **- < C,,, < B since B is in 
II 
98 * (II) Th e case that b,-, # b, # a, . In this case let C, = (k, , a, ,..., a&, 
Ci = (b,-i+2 ,..., b, , b, , a, ,..., a,,) for all j = 2, 3 ,..., n. By Lemmas 5 and 6, 
A < C, < C, < **a < C,, < B since B is in a+, . 
(III) The case that b,-, = 6, # a, . In this case let C, = (b,-i+l ,..., b, , 
a, ,..., u,-~) for allj = 1,2 ,..., n-l.ByLemmas5and6,A<C,<C2<~*~< 
C,-, < B since B is in a,, . 
For each pair A and B of elements in Sz, , we say that A and B are accessible 
from each other if there exist two finite sequences {C, , C2 ,..., C,} and 
Pl , D, ,..., W in Q, such that A>C,>C,>-.->C,,>B>D,> 
D2 > .‘* > D, > A. The next theorem illustrates the circular dominance 
between each pair A and B of elements in Gn and provides us with an example 
of the “Steinhaus-Trybula” paradox (see [3]). 
THEOREM 6. For each integer n > 4, euch pair A and B of elements in a,, , 
A and B are accessible from each other. 
Remarks on Some Intuitive Conjectures 
(1) We would strongly suspect that if A and B are in Q- such that E( TA) = 
A o A > E(T,) = B o B, then P{T, < TA} > 4. But this is false, e.g., k = 2, 
A = (0, 1, 0, I), and B = (1, 0, 1, 1) then E(T,) = A 0 A = 20 and E(T,) = 
B o B = 18, however, P{T, < T,J = 1% < +. 
683/g/r-11 
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(2) For K > 2, A = (O,O, 1, I), and B = (1, l,O,O), P{T, < TB) = 
P{T, < TA} = 3, one would intuitively suspect that if k >, 2, A = (cl, cz,..., c,, 
4 , 4 7..., GA and B = (dl , d, ,..., d, , cl , c2 ,..., c,), then P(T, < T,} = 
P{T, < TA} = $. But this is false, e.g., k = 2, A = (1, 0, 0, 0, 0, l), and 
B=(O,O,l,l,O,O)butP(T,<T,)=~<& 
(3) By Lemmas 5 and 6, for each integer n 3 4, A = (a, , a2 ,..., a,) in Q,, 
such that ai # ai+l for some 1 < i < 7t - 2 and a, = u,+~ for some 1 <j < 
a- 1, then P{T, < TA} > 4 for all B in Q, such that B = (b, a, , u2 ,..., u,-J 
for some b in Q. We would intuitively suspect that P(T, < TA} > + for all C 
in QS such that C = (cI , c2 , a, , u2 ,..., une2) for some c1 , c2 in Q. But this is 
fake, e.g., A = (1,0, 1, 1) and P(T, < T,J < &for C = (1, 1, 1,0), (l,O, 1, 0), 
and (0, 1, 1, 0). 
(4) We would intuitively suspect that if P{T, < TA) > Q then P(TBc < 
TAc} > 8 and if P{T, < TA} < 4 then P{T,, < TCA} < i. However, this is 
false, e.g., A = (1, 1, 0, l), B = (0, 1, 1, 0), and C = (1,O) then P{T, < 
TA) > 4 and P(T,, < TAc) < 4; A = (0, 1, 1, 0), B = (1, 1, 0, 0), and 
C = (1,0) then P{ Ts < TA} < $ and P(T,, < T,,} > 3. 
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